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The algebra of polynomial integro-differential operators is a 
holonomic bimodule over the subalgebra of polynomial 

differential operators 

V. V. Bavula 

Abstract 

In contrast to its subalgebra A„ :— K{xi, . . . , x„, g|^, . . . , gf-) of polynomial differential 
operators (i.e. the n'th Weyl algebra), the algebra In K{xi, . . . , a;„, . . . , gf-, J^, . . . , /^) 



of polynomial integro-differential operators is neither left nor right Noetherian algebra; more- 
I over it contains infinite direct sums of nonzero left and right ideals. It is proved that !„ is a left 

(right) coherent algebra iff n = 1; the algebra I„ is a holonomic A„-bimodule of length 3" and 
has multiplicity 3", and all 3" simple factors of !„ are pairwise non- isomorphic y4„-bimodules. 
The socle length of the A„-bimodule In is n + 1, the socle filtration is found, and the m'th 
term of the socle filtration has length ("J 2""™. This fact gives a new canonical form for each 
polynomial integro-differential operator. It is proved that the algebra In is the maximal left 
(resp. right) order in the largest left (resp. right) quotient ring of the algebra In- 

Key Words: the algebra of polynomial integro-differential operators, the Weyl algebra, the 
socle, the socle length. 

Mathematics subject classification 2000: 16D60, 16S32. 



1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} 
is the set of natural numbers; K in a, field of characteristic zero and K* is its group of units; 
Pn '■— K[xi, . . . , Xn] is a polynomial algebra over K; di := g|^,...,9„ := are the partial 
derivatives (X-linear derivations) of Pn\ Endif (P„) is the algebra of all iC-linear maps from P„ to 
^ ! Pn, the subalgebras A„ := K{xi, . . . , a;„, 9i, . . . andl„ := K{xi, ...,Xn,di,.. . . . .,JJ 

^ ' of the algebra Endif(-Pn) are called the n'th Weyl algebra and the algebra of polynomial integro- 

-'"^erential operators respectively. 



The Weyl algebras An are Noetherian algebras and domains. The algebras I„ are neither left 
nor right Noetherian and not domains. Moreover, they contain infinite direct sums of nonzero left 
and right ideals [1]. The algebra An is isomorphic to its opposite algebra A^j^ via the if-algebra 
involution: 

An^ A di, Xi, i = l,...,n. 

Therefore, every A„-bimodule is a left A2„-module and vice versa. Inequality of Bernstein [5] states 
that each nonzero finitely generated An-module has Gelfand-Kirillov dimension which is greater 
or equal to n. A finitely generated yl„-module is holonomic if it has Gelfand-Kirillov dimension n. 
The holonomic A„-modules share many pleasant properties. In particular, all holonomic modules 
have finite length, each nonzero submodule and factor module of a holonomic module is holonomic. 
The aim of the paper is to prove Theorem 12.51 In particular, to show that the algebra I„ is a 
holonomic A„-bimodule of length 3" and has multiplicity 3", i.e. a holonomic left A2„-module 
of length 3" and has multiplicity 3". All 3" simple factors of I„ are pairwise non-isomorphic 
A„-bimodules. We also found the socle filtration of the A2„-module I„. It turns out that the socle 
length of the A2„-module is n + 1, and the length, as an A2n-inodule, of the m'th socle factor 
is (^)2"~'" (Theorem 12.51 (4)) where m = 0,1, . . . ,n. A new i^-basis for the algebra I„ is found 
which gives a new canonical form for each polynomial integro-differential operator, see ([T6| . By the 
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very definition, I„ = ^tJii^) - if" ^here h{t) K{x„d„l) and .4„ = ^7^^Ai{i) = Af" 
where := K{xi,di). So, the properties of the algebras I„ and A„ are 'determined' by the 

properties of the algebras Ii and Ai . 

At the beginning of Section [2] we collect necessary facts on the algebras I„. Then we prove 
Theorem 12.51 in the case when n = \ and prove some necessary results that are used in the proof 
of Theorem l2.5l (in the general case) which is given at the end of the section. 

In Section [3l it is proved that the algebra !„ is left (right) coherent iff n = 1 (Theorem 13. ip . 

In SectionlH it is proved that the algebra I„ is the maximal left (resp. right) order in its largest 
left (resp. right) quotient ring (Theorem 14. 3p . 
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2 Proof of Theorem [23] 

At the beginning of this section, we collect necessary (mostly elementary) facts on the algebra Ii 
from [1] that are used later in the paper. 

The algebra Ii is generated by the elements d, H := dx and J (since x = J H) that satisfy 
the defining relations (Proposition 2.2, pQ): 

1 = 1, [hJ]=J, [H,d]^-d, H{1- Jd) = {l- Jd)H^l- Jd, (1) 

where [a, b] ;= ab — ha is the commutator of elements a and b. The elements of the algebra Ii, 

e^J := J^d^ - J'^\'+\ (2) 

satisfy the relations CijCki = SjkCu where 6jk is the Kronecker delta function and N :— {0, 1, . . .} 
is the set of natural numbers. Notice that = eood^ . The matrices of the linear maps 
Bij e EndK{K[x]) with respect to the basis {x'"' := ^}seN of the polynomial algebra K[x] are 
the elementary matrices, i.e. 

[s] fa;''! ifj = s, 
di * x^ ' — < 

' [0 ifjVs. 

Let Eij e FindK{K[x]) be the usual matrix units, i.e. Eij * for all s e N. Then 



Kcij = KEij, and F := ®i,j>oKeij = ®i,j>oKEtj ~ Moo(A'), the algebra (without 1) of 
infinite dimensional matrices. F is the only proper ideal (i.e. ^ 0,li) of the algebra Ii pj. 

Z-grading on the algebra Ii and the canonical form of an integro-differential oper- 
ator [2]. The algebra Ii — 0igz^i.« ^ Z-graded algebra (Ii^^Iij C Iis+j for all i,j e Z) 
where 

'Dif = fDi ifi>0, 
Di if i = 0, 

= ZJial^l ifi<0, 

the algebra Di := K[H] ATe^i is a commutative non-Noetherian subalgebra of Ii, Hen — 

euH = (i + \)eii for « e N (and so ATei, is the direct sum of non-zero ideals Ken of the 

algebra Di); [f Di)m ^ Di, f d ^ d\ miDid') ~ Di, dd' ^ d, for aU i > since f = 1. 
Notice that the maps ■ p : Di ^ Di J\ d ^ d J\ and 9*- : Di — > d^Di, d i-> d^d, have the same 
kernel Kejj. 

Each element a of the algebra Ii is the unique finite sum 

a = ^ a-i9* + ao + ^ / a* + ^ ^ij<iij (4) 

i>0 i>0 iJeN 
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where G K[H] and Ay £ if. This is the canonical form of the polynomial integro-differential 
operator |lj. 

Definition. Let a e Ii be as in ^ and let ap :— XijCij. Suppose that ap ^ then 

n 

deg^(a) := min 

is called the F- degree of the element a; deg^(O) := — 1. 
(f if ^ > 0, 

Let Vi :— < 1 if i = 0, Then Ii^i = DiVi — ViDi and an element a G Ii is the unique finite 
[al'l ifi<0. 

sum 

a = ^ biVi + ^ KjSt] (6) 

where bi G and G K. So, the set {H^d\H^, /' i/-'', e^t | i > 1; j, s, t > 0} is a if-basis for 

the algebra Ii . The multiplication in the algebra Ii is given by the rule: 

Jh={H-1) J, Hd = d{H-l), Jeij = ei+ij, e.^j J ^ Cij^i, Se^ = ei_ij e^j^ = de^^+i. 

He^i^ e^iH ^ {i + l)eu, i G N, 

where e_ij- := and e^.-i := 0. 

The factor algebra Bi := Ii/F is the simple Laurent skew polynomial algebra K[H][d,d~^;T] 
where the automorphism r G A\itK-edg{K[H]) is defined by the rule t{H) = H + 1, [1^. Let 

TT -.li ^ Bi, a : a + F, (7) 

be the canonical epimorphism. 

The Weyl algebra A2 is equipped with the, so-called, filtration of Bernstein, A2 = [J^^q A2.<i 

where A2,<. := 0{if x" ^Xa'cff'^f ' | ai + 02 + /3i + /32 < i}- The polynomial algebra P2 := 
K[xi,X2] — A2/ {A2di+A2d2) is a simple left ^2-niodule with End^2(P2) = kerp^ (9i)nkerp2 (92) = 
K. The standard filtration {^2,<iT}ieN of the ^2-niodule P2 coincides with the filtration {P2,<i := 
X)qi a2>o{^^i^'^2^ I «i + cK2 < i}ien on the polynomial algebra P2 by the total degree, i.e. P2,<i = 
A2,<i ■ 1 for all i > 0, and so dimK(A2,<i) = ii±M±2l, Therefore, P2 is a holonomic ^2-niodule 
with multiplicity e(P2) ~ 1 and End^^ (^2) — K. The Weyl algebra Ai admits the ii'-isomorphism: 

^:Ai,^Ai, x^d, d^-x. (8) 

Then 1 ® f is an automorphism of the Weyl algebra A2 . The twisted by the automorphism 1 (g) 
A2-module P2, 

Pa^^^ ~ K[xi,d2] ~ A2/{A2di+A2X2) (9) 

is a simple holonomic A2-module with multiplicity 1 and Endyi2 (Pj^**^) ~ K. 
The Weyl algebra Ai is isomorphic to its opposite algebra A°^ via 

Ai^A°/, x^d, d^x. (10) 

In particular, each ^i-bimodule AiMai is a left A2-module: AiMa-^ — Ai(»a°''^J^ — Ai^sAiM = 

A.M. 

Lemma 2.1 1. a^Fa^ = ^leoo^i ^ Ai {Ai/Aid ® Ai/xAi)ai ■ 
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2. — ^2/(^281 + ^202) — -^[2^1,2:2] is a simple holonomic A2-module with multiplicity 1 

with respect to the filtration of Bernstein of the algebra A2 and EndA2{F) ~ K. 

Proof AA^i/Aid(E)Ai/xAi)A, -A,s}A^{Al/Al^(E)Al/Al^)2iA2/{A2^l+A2^2)-K[xl,X2] 
is a simple holonomic j42-module with multiplicity 1 with respect to the filtration of Bernstein of 
the algebra A2 and End^2(F) ~ K. Clearly, AiFai — AiCqoAi and the Ai-bimodule homomor- 
phism 

Ai/Aid Ai/xAi Aieoo^i, (1 + Aidi) (1 + xAi) ^^ eoo, 
is an epimorphism. Therefore, it is an isomorphism by the simplicity of the first Ai-bimodule. □ 

Proposition 2.2 1. a^ (Ii/(^i + F))a^ ^ Ai/Aid ® Ai/dAi. 

2. A2(Ii/(Ai+F)) ~ All Aid® All Aix ~ A2/{A2di+A2X2) ^ K[xi,d2] is a simple holonomic 
A2-module with multiplicity 1 with respect to the filtration of Bernstein andFiiidA2{K[xi, 82]) - 
K. 

3. AAh/iAi + F)) ~ {Ai/AidY^^ ^ K[x]'^^^ is a semi-simple left Ai-module and (Ii/(Ai + 
F))ai — (Ai/dAiY^^^ ~ iir[a;]('^) is a semi-simple right Ai-module. 

Proof 1 and 2. Notice that ® Ai/Aix) ~ ^2(^2/(^291 +^20:2)) ~ K[xi,d2] 

is a simple holonomic A2-module with multiplicity 1 with respect to the filtration of Bernstein 
and End A2{K[x 1,82]) — K. The natural filtration of the polynomial algebra Q' :— K\xi^d2\ — 
Ui>o Q'<i the total degree of the variables, i.e. Q'^^ := ®s+t<i ^^182.1 is a standard filtration for 
the A2-module Q' — A2- \ since (5<j = A2^<i-1 for all i > 0. In particular, dimx(Q<J — ('+^)^'^'+^) 
for ah i > 0. By (g]), the ^i-bimodule Q := Ii/(Ai + F) is the direct sum 



Q = 0Qi (11) 



i>i 

of its vector subspaces 

mK[H]^ J K[H]/x'K[H]^ J K[H]/ J {H{H+l)---{H+i-l))^K[H]/{H{H+l)---{H+i-l)) 

(12) 

(since x^ = (/ Hy = f H{H + 1) ■ ■ ■ {H + i-l) and f = 1) such that xQi C QiX C Q,+i, 

dQi C Qi-i and Qid C Qi^i for all alH > 1 where Qo '■— 0. Then A2-module Q has the finite 
dimensional ascending filtration Q — lJj>Q Q<i where Q<i := ®i<j<i+i Qj and 

dim,,(g<.) = E(j + 1) = ^ ^ foi- all * > 0. 

Since dQi = Qid = 0, the simple filtered A2-module (treated as Ai-bimodule) AiQ'ai ~ Ai/Aid® 
Ai/dAi can be seen as a filtered A2-submodule of Q via (1 + Aid) €3 (1 + dAi) ^ / +Ai + F. 
In particular, for all i > 0, we have the inclusions Q[ C Qi which are, in fact, equalities since 
diuiKiQi) = diuiKiQi). Then, 

AAh/{Ai + F))a, ^ A^iAl/Al^ ® Ai/dAi)A, ^ A^iAi/Aid ® Ai/Aix) ^ K[xi,d2]. 

It is obvious that the yl2-module K[xi, 82] is a simple A2-module with multiplicity 1 and Endyla (-^[^^i; ^2]) 
~ K. 

3. Statement 3 follows from statement 1. □ 

A linear map (p acting in a vector space V is called a locally nilpotent map ifV = [J^^i ker(iy9'), 
i.e. for each element v gV there exists a natural number i such that if^{v) = 0. 
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It follows from Proposition 12.21 and (|12p that 

kevj^/(A,+F)id-)f]kevjj^A,+F)i-d) ^K{j +A,+F), (13) 

and that the maps d- : Ii/(Ai + F) ^ li/{Ai +F),u^ du, and -d : li/{Ai + F) ^ Ii/(Ai + F), 
u I— > ud, are locally nilpotent since 

d * x\x-!2 — ixl'^x^, xlx^ * d ^ —jx\x^^^. (14) 

Recall that the socle soCyi(Af) of a module M over a ring A is the sum of all the simple submodules 
of M, if they exist, and zero, otherwise. 

Theorem 2.3 1. The Ai-himodule Ii is a holonomic A2-module of length 3 with simple non- 
isomorphic factors F ~ a2K[xi,X2], Ai^iai '^'^^ A2K[xi,d2]- Each factor is a simple 
holonomic A2-module with multiplicity 1 and its A2-module endomorphism algebra is K. 

2. socA,(Ii) =^i©F. 

3. The short exact sequence of A2-modules 

^ Ai^F ^li/{Ai + F) ^0 (15) 

is non-split. 

Proof. 1. Statement 1 follows from Lemma [2. 11 Proposition 12.21 and (|15p . 

3. Suppose that the short exact sequence of Ai-bimodules splits, we seek a contradiction. Then, 
by Proposition 12.21 (1) and ([T3|) . there is a nonzero element, say u — J +a + / £ Ii with a G Ai 
and f ^ F such that du — and ud — 0. The first equation implies 1 + da = —df ^ Ai D F = 0, 
and so da = —1 in Ai, a contradiction. 

2. Statement 2 follows from statement 3. □ 

New basis for the algebra I„. It follows from (fTT|) . ([T2|) and (fT5|) that 

Ii= Kx'd^O KeuO^iK f ff* | s > 1, i = 0, 1, . . . , s - 1}. (16) 

i,j>0 k,l>0 

This gives a new ii'-basis for the algebra Ii: {x'S-', Cki, P \i,j,k,l > 0;s > l;t — 0, 1, . . . , s — 1}. 
By taking n'th tensor product of this basis we obtain a new X-basis for the algebra I„ — if". 

Lemma 2.4 1. The Ai-bimodule Ii/Ai is a holonomic A2-module of length 2 with simple non- 
isomorphic factors F ~ a2-^[^1t^2\ o,nd a2K[^1t(^2\- Each factor is a simple holonomic 
A2-module with multiplicity 1 and its A2-module endomorphism algebra is K . 

2. socA2{li/A^) = F. 

3. The short exact sequence of A2-modules 

O^i^^IiMi ^Ii/(Ai + F) ^0 (17) 

is non-split. 

4. The short exact sequence of left Ai-modules ^17\ ) splits and so — -ftT [a;] is a 
semi-simple left Ai-module. 

5. The short exact sequence of right Ai-modules |i7| ) does not split, and so (1i/Ai)ai is not a 
semi-simple right Ai-module. 
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Proof. 1. Statement 1 follows from Theorem 12. 3l fl). 

3. Suppose that the short exact sequence of ^i-bimodules (jl7p splits, we seek a contradiction. 
Then, by Proposition 12.21 (1) and (IT5|) . there is a nonzero element, say u = J +f + Ai e Ii/Ai 
with f E F such that Q~du^l + df and = u9 = 1 — eoo + fd in Ii /Ai . The first equality 
gives i9/ = in Ii/Ai, and so / = X]i>o''^*^oi for some Ai G K. Then the second equality gives 
eoo = fd = J2i>o ^i(^oid = J2i>o Ajeo,i+i, a contradiction. 

2. Statement 2 follows from statement 3. 

4. Let L be the last sum in the decomposition (fT6|) . i.e. 

Ii=Ai0F0L. (18) 

Then Ai ^ L is a left v4i-submodulc of ^^Ii since dj = 1, x = J H and J H = {H — 1) J ■ 
Notice that Ai^L is not a right v4i-submodule of Ii since J d = 1 — Cqo ^ Ai^L. By (ITS)) . 

~ J^0(Ai + is a direct sum of left ^i-submodules such that ~ /^[a;]^^) 

(Lemma 1231(1)) and A^{{Al + L)/Ai) ~ Ii/(Ai +F) ~ /^[x]^'*) (Proposition O (3)). Therefore, 
Ai{Ii/Ai) is a semi-simple module. Therefore, the short exact sequence of left ^i-modules (|17l) 
splits and Ai(IIiMi) =^ if 0X[a;]W ~ if[a;]W. 

5. By Proposition 0(1), (IIi/(^i + F))A^ ^ iAi/dAi)^^^l Suppose that the short exact 
sequence of right Ai-modules (|17p splits, we seek a contradiction. In the factor module Ii/{Ai+F), 
(/ +Ai+F)d = since J d ^ 1 - cqq G Ai + F. Then the splitness implies that {J +f + Ai)d = 
in Ii/Ai for some element f € F, equivalently, —eoo + fd £ Ai Ci F — in Ii, i.e. fd = eoo, this 
is obviously impossible (since ei ^d = e^ j+i), a contradiction. □ 

Let M be a module over a ring R. The socle socfl(Af), if nonzero, is the largest semi-simple 
submodule of M. The socle of M, if nonzero, is the only essential semi-simple submodule. The 
socle chain of the module M is the ascending chain of its submodules: 

soc?j(M) := socr{M) C soc]^(M) C • • • C soc'fl(M) C • • • 

where soc*^(M) := (/?~_\(soCfl(M/socj^^(M))) where <^i_i : M Af/soc*"^ (M), m ^ m + 
soc^^(M). Let soc^(M) Ui>o soc*/?(^)- K ^'^ = soc^(M) then 

l.soCfl(Af ) = 1 + niin{i > | Af = socj^(Af)} 

is called the socle length of the _R-module M . So, a nonzero module is semi-simple iff its socle 
length is 1. 

Theorem 2.5 1. The An-bimodule I„ is a holonomic A2n-module of length 3" with pairwise 
non-isomorphic simple factors and each of them is the tensor product (^"^j^ Mi of simple 
A2(i)-modules Mi as in Theorem \2.3\ for i — 1, . . . ,n. Each simple factor (^"^j^ Mi is a sim- 
ple holonomic A2n-module and has multiplicity 1 (with respect to the filtration of Bernstein 
on the algebra A2n) and its A2n-module endomorphism algebra is K . 

2. socA.M = ®'U^ocA,(,){li{i)) = ®'UiAi(^)® F(i)). 

3. The socle length of the A2n-fT^odule In is n + 1. For each number m = 0, 1, . . . , rZ; 

n 

*lH Vin—fn s—1 

where all ig G |0, 1| and soc-'. , \ — I ^^^^-'^ ^^^-^ 

' ^ ' ^ \li(*) ifj^l. 

4- For each number m = 0, 1, . . . , 

n 

soc^^JI„)/soc™-i(I„) = (g)socX(,)(IIi(*))/socX-(l)(IIi(*)) 

*iH \-in—fn S—1 
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and its length (as an A2n-'module) is ("J2" " where all is G {0, 1} and soc ^ :~ 0. 

5. The left A2n-m,odule I„ has multiplicity 3" with respect to the filtration of Bernstein of the 
Weyl algebra A2n- 

Remark. The sum of lengths of all the factors in statement 4 is 3" as 

3" = (1 + 2)" = V f ")2"-". 



m=0 



Proof. 1. By Theorem I2.3l fl'). each of the tensor multiples Ii(j) in I„ = (S'iLi'^il*) 
A2(i)-module (i.e. the Ai(i)-bimodule) filtration of length 3 with factors Mi as in Theorem l2.3l fl). 
By considering the tensor product of these filtrations, the A2„-module I„ = (2)"=iIIi(*) the 
A„-bimodule) has a filtration (of length 3") with factors (^"^j^ Mi. It is obvious that each A2n- 
module ^^^i Mi is isomorphic to a twisted A2„-module " P2n by an automorphism a of the Weyl 
algebra A2n that preserves the filtration of Bernstein on the algebra A2n where 

2n 

P2n = K[xi, . . .,X2n] - ^2n/X!^2n9i. 

1=1 

This statement is obvious for n = 1, then the general case follows at once. Since the A2„-module 
P2n is simple, holonomic with multiplicity 1 (since e{'^P2n) ~ &{P2n) — 1) and End^2^(P2ri) — K, 
then so are all the A2„-modules (^"^j^ Mi. This finishes the proof of statement 1. 

2. Statement 2 follows from statement 3. 

3. To prove statement 3 we use induction on n. The initial step when n = 1 is true due 
to Theorem 12.31 fl). Suppose that n > 1 and the statement holds for all n' < n. Let {s° = 
Ai F, s^ = Ii} be the socle filtration for AiIiAi and let {s", s^, . . . , s"^^} be the socle filtration 
for A„_iln-i^,^_j- We are going to prove that 

{s'" s° ® s°, s'l := s° + ® s°, . . . , s'"-^ s° ® + s^ ® s"^^^ s'" := s^ ® s''-^] 

is the socle filtration for a^^uA^- Notice that An — Ai® A„_i, I„ = Ii eg) and {s" ® 
is the socle filtration for a„_i(s° ® Iri-i)A„_i — ® (a„_iIIti-i^^_j) since the I„_i-bimodules 
eg) s^ I s^^^ are semi-simple. Since, for each number m = 0, 1, . . . , n, the yl„-subbimodule 

of I^/s'™"^ is semi-simple, in order to finish the proof of statement 3 it suffices to show that 
s'™ is an essential ^„-subbimodule of I„/s""~^. Let a be a nonzero element of the ^„-bimodule 
In/s'""^- We have to show that A^aA,, n s'™ 7^ 0. If a e s° (g) I„_i + s'™-i then 

^ I„-iaI„-i n s" (s^/s™-!) C s'™ 

(since {s° ® s'-yil^ is the socle filtration for a„_i(s" 8) I„-i)a„_i )■ If a ^ s° 8)I„-i + s'™"^ then 
using the explicit basis {a;iX2}ij>o for the Ai-bimodule s^/s° fProposition l2.2l fl)) and the action 
of the element d on it (see (ITil) ). we can find natural numbers, say k and ^, such that, by (IT^ . the 
element 

a' := 9'^a9' = / + V2 ® U2 + ■ ■ ■ + Vs ® Us, 



such that 7^ Ml e I„_i/s™~^ (in particular, a' is a nonzero element of I„/s'™^^); W2, . . . , are 
linearly independent elements of I„_i; W2, . ■ . ,Ws are linearly independent elements of s°. If the 
elements ui,U2, . ■ . ,Us are linearly independent then 

a" := da' = \ ®ui + {dv2) <g) M2 + • • ■ + {dvs) ® Ug 
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is a nonzero element of s° (g) I„_i, and so, by the previous case I„al„ fl s'™ ^ 0. 

If the elements ui, U2, . . . , are linearly dependent then u\ = X]i=2 '^i^* some elements 
Ai £ K not all of which are zero ones, say \i ^ 0. The element a! can be written as a' = 

(A2 / +W2) (X) U2 H 1- (^s / +"^3) (8) Us- 

a" := 5a' = (A2 + dv2) ® 1*2 + • • ■ + (-^s + c'ws) (Xi Ug- 

We claim that a" 7^ 0. Suppose that a" — 0, we seek a contradiction. Then A2 + dvi = 0, . . . , As + 
dvs = in Ai ^ (since the elements M2,...,Us are linearly independent). The first equality 
yields ^ A2 = 96 in the Weyl algebra A\ for some element h ^ A\. This is clearly impossible. 
Therefore, a" is a nonzero element of s° eg) and so, by the previous case, I„al„ n s"" ^ 0. 

4. The equality follows from statement 3. To prove the claim about the length note that 
(^) is the number of vectors (ii, . . . , i„) e {0, 1}" with ii + • • • + i„ = m; and for each choice of 
(ii, . . . , i„) the length of the ^2n-module {g)"^^ soc^^(.-,(Ii(i))/soc^^"(^^)(Ii(i)) is 2""'". Therefore, 

the length of the A2„-module soc^^ JI„)/soc^-i(I„) is 02""". 

5. Statement 5 follows from statement 1 and the additivity of the multiplicity on the holonomic 
modules. 

□ 

3 The algebra I„ is coherent iff n = 1 

The aim of this section is to prove Theorem 13. II 

A module M over a ring R is finitely •presented if there is an exact sequence of modules 
i?™ — i?" — ^ M 0. A finitely generated module is a coherent module if every finitely generated 
submodulc is finitely presented. A ring i? is a left (resp. right) coherent ring if the module ^i? 
(resp. Rr) is coherent. A ring R is a left coherent ring iff, for each element r £ R, kerfl(-r) is a 
finitely generated left R-module and the intersection of two finitely generated left ideals is finitely 
generated, Proposition 13.3, 6 . Each left Noetherian ring is left coherent but not vice versa. 

Theorem 3.1 The algebra I„ is a left coherent algebra iff the algebra I„ is a right coherent algebra 
iffn = l. 

Proof. The first 'iff' is obvious since the algebra I„ is self-dual [T], i.e. is isomorphic to its 
opposite algebra 1°^. If n = 1 the algebra is a left coherent algebra [2]. If n > 2 then the algebra I2 
is not a left coherent algebra since, by Lemma [3T2l ker][^(-(iJi — H2)) = hsii^i-iHi — 7?2))®In-2 — 
i„(-f2 <X) is an infinite direct sum of nonzero I„-modules, hence it is not finitely generated. 

Therefore, the algebra I„ is not a left coherent algebra, by Proposition 13.3, [6 . □ 

Lemma 3.2 keri,(.(ifi - H2)) = ker^^,(-(i/i ~ H2)) = fc^N ^e,,(l)efc,(2) ~ (i.Pa)^''^. 

Proof The algebra B2 = I2/02 is a domain [J where a2 := F{1) (g) Ii(2) + Ii(l) ® F{2) and 
Hi-H2^ 02. Therefore, IC := keri,(-(7fi - H2)) = ker„,(-(7?i - H2)). Let F2 (g) F{2). 

Notice that 

1,(02/^2)1, ^ F{1) ® Bi(2) i?i(l) F{2) 

is a direct sum of two l2-bimodules. It follows from the presentation F(l)ig)i3i (2) = 0^ jgpj (1)® 
d^K[H2] that kcIp(^l^^^B^{2){■{Hl - H2)) = 0. Similarly, keT:BT_{i)®F{2){-(.Hi - H2)) = (or use the 
(1, 2)-symmetry). Therefore, 

/C = VerFMHi-H2)) = i^e.,(l)efc,(2) = 0( Ke,,{l)eu,{2)) ^ 0(i,F2) ^ iAP2f*^- □ 

iJ.keN jeN i,keN jeti 
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4 The algebra 1^ is maximal order 

The aim of this section is to prove Theoreni l4.3l 

Let i? be a ring. An element x € R is right regular if j;r = imphes r = for r E R. Similarly, 
a left regular element is defined. A left and right regular element is called a regular element. 
The sets of regular/left regular/right regular elements of a ring R are denoted respectively by 
Cr{0), 'Ci{(0) and C^(0). For an arbitrary ring R there exists the largest (w.r.t. inclusion) left 
regular denominator set Sifi = Sifi{R) in the ring R (regular means that Sifi{R) C Cr{0)), and 
so Qi{R) :— S^qR is the largest left quotient ring of R (Theorem 2.1, |4]). Similarly, for an 
arbitrary ring R there exists the largest right regular denominator set Sr.o = Sr.o{R) in R, and so 
Qr{R) '■= RS~Q is the largest right quotient ring of R. The rings Qi{R) and Qr{R) were introduced 
and studied in [4]. Let Endif (i^ [a;]) be the algebra of all linear maps from the vector space K[x\ 
to itself and k\iiK{K[x\) be its group of units (i.e. the group of all invertible linear maps from 
K[x\ to itself). The algebra Ii is a subalgebra of Endj^ (iir[a;]). Theorem 5.6.(1), [3], states that 
'S'r,o(Ii) = Ii n AMiK{K[x\), it is the set of all elements of the algebra Ii that are invertible linear 
maps in K[x]. The set >S'r.,o(Ii) is huge comparing to the group of units I* of the algebra Ii which 
is obviously a subset of 5^,0(11). 

Let i? be a ring. A subring S (not necessarily with 1) of the largest right quotient ring Qr{R) 
of the ring R is called a right order in Qr{R) if each element q £ Qr{R) has the form rs^^ for some 
elements r,s € S. A subring S (not necessarily with 1) of the largest left quotient ring Qi{R) of 
the ring R is called a left order in Qi{R) if each element q G Qi{R) has the form s~^r for some 
elements r,s £ S. 

Let i?i and R2 be right orders in Qri^n)- We say that the right orders Ri and R2 are equivalent^ 
Ri ^ i?2, if there are units ai, a2, 61, 62 G Qr(In) such that a\R\hi C R^ and a2-R2^2 Q Ri- Clearly, 
~ is an equivalent relation on the set of right orders in Qr{In)- A right order in (3, (I„) is called 
a maximal right order if it is maximal (w.r.t. C) within its equivalence class. 

Lemma 4.1 Let Qri^n) be the right quotient ring of In and R, S be equivalent right orders in 
Qr(Jn) such that R C S. Then there are equivalent right orders T and T' in Qr(J-n) with R C 
TCS,R<^T'<ZS and units ri,r2 of Qr(Jn) contained in R such that riS C T, Tr2 C R and 
Sr2 C T' , riT' C R. In particular, riSr2 C R. 

Proof. By definition, aSb C R for some units a,b of Q,.(I„). Then a = ris^^ and b — r2S2^ 
with ri, Si G R. Then riSr2 C ris^^ Sr2 C Rs2 C R. It is readily checked that T — R+riS+RriS 
and T' = R + Sr2 + Sr2R are as claimed. □ 

Lemma 4.2 1. Ci„ (0) n o„ = 0, 'Ci„ (0) n a„ = and (0) n a„ = 0. 

2. S'z,o(I,0 n a„ and 5*^,0 (I„) n o„ = 0. 

3. For all elements a G S'/,o(In) U Sr fi{in), 

Proof. 1. Trivial (since every element of the ideal a„ is a left and right zero divisor in I„). 

2. Statement 2 follows from statement 1 and the inclusions Si^o{In), Sr.oi^n) Q Ci„(0). 

3. If I„al„ 7^ In for some element a G 5;.o(In) U Sr,o{^n) then a G InO-^n ^ Qn (as a„ is the only 
maximal ideal of the algebra I„). This contradicts to statement 2. □ 

Theorem 4.3 The algebra In is a maximal left order in Qi{In) and a maximal right order in 

Proof. Suppose that I„ C S and S ~ I„ for some right order S in Qr (In)- Then aSb C I„ 
for some elements a,b G I„ fl Qr(In)*, by Lemma [4.11 where Qr{In)* is the group of units of 
the algebra QriW- By Theorem 2.8, [4], K n Qriln)* = Sr,oiIn)- Then, by Corollary 1121(3), 
In 2 InCtSblri = (I„aI„)5(I„M„) — InSIn — S, i.e. I„ = S. Then the algebra I„ is a maximal right 
order in Qriln)- Since the algebra I„ admits an involution [1], the algebra I„ is also a maximal 
left order in Q;(I„). □ 
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